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Based on the recently considered classical string configurations, in the framework of the
semi-classical limit of the string/gauge theory correspondence, we describe a procedure for
obtaining exact classical string solutions in general string theory backgrounds, when the
string embedding coordinates depend non-linearly on the worldsheet spatial parameter.
The tensionless limit, corresponding to small t’Hooft coupling on the field theory side, is
also considered. Applying the developed approach, we first reproduce some known results.
Then, we find new string solutions - with two spins in AdS5 black hole background and
in AdS5 × S5 with two spins and up to nine independent conserved R-charges.
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1 Introduction
The article [1] on the semi-classical limit of the string/gauge theory duality initiated an
interest in the investigation of the connection between the classical string solutions, their
semi-classical quantization and the string/field theory correspondence [2] - [27] 1. Most
of the papers consider different string configurations in type IIB AdS5 × S5 background.
However, the string dynamics has been investigated in other string theory backgrounds,
known to have field theory dual descriptions in different dimensions, with different number
of (or without) supersymmetries, conformal or non-conformal.
For establishing the correspondence between the semi-classically quantized string so-
lutions and the appropriate objects in the dual field theory, it is essential for one to
know the explicit expressions for the conserved quantities like energy, angular momen-
tum, etc., on the string theory side. Their existence is connected with the symmetries
of the corresponding supergravity backgrounds. The analysis of the connection between
the ansatzes, used to obtain exact string solutions, and the background symmetries shows
1For earlier studies on the subject, see [28, 29] and the references in [29] and [30].
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that the string embeddings can be divided into the following four types [31]:
Xµ(τ, σ) = Λµ0τ + Λ
µ
1σ, X
a(τ, σ) = Y a(τ); (1.1)
Xµ(τ, σ) = Λµ0τ + Λ
µ
1σ + Y
µ(τ), Xa(τ, σ) = Y a(τ); (1.2)
Xµ(τ, σ) = Λµ0τ + Λ
µ
1σ, X
a(τ, σ) = Za(σ); (1.3)
Xµ(τ, σ) = Λµ0τ + Λ
µ
1σ + Z
µ(σ), Xa(τ, σ) = Za(σ); (1.4)
Λµm = const, (m = 0, 1).
Here, the string embedding coordinates XM(τ, σ), (M = 0, 1, . . . , D− 1), are represented
as XM = (Xµ, Xa). Xµ(τ, σ) correspond to the space-time coordinates xµ, on which
the background fields do not depend. This means that there exist nµ commuting Killing
vectors ∂/∂xµ, where nµ is the number of the coordinates x
µ.
All the ansatzes used in [1] - [27] for the string embedding, are particular cases of (1.1)
- (1.4), except those in [16, 27]2. In [6, 9, 14, 22] there are of type (1.1), in [1] and [7] - of
type (1.2). In [1] - [5], [7], [8], [10], [11], [14] - [20], [23] - [26], ansatzes of type (1.3) are
considered. Solutions, based on the ansatzes of type (1.4), are obtained in [12] - [14], [21].
The aim of this article is to describe a procedure for obtaining the exact classical string
solutions in general string theory backgrounds, based on the ansatzes (1.3) and (1.4)3.
We will use more general worldsheet gauge than the conformal one, in order to be able
to discuss the tensionless limit T → 0, corresponding to small t’Hooft coupling λ→ 0 on
the field theory side.
Let us also note that in (1.1)-(1.4), we have separated the cases Y µ = 0 and Y µ 6= 0,
Zµ = 0 and Zµ 6= 0, because the types of the string solutions in these cases are essentially
different, as we will see later on.
The paper is organized as follows. In Sec.2 and Sec.3, we describe the string dynamics
and give the corresponding exact solutions of the equations of motion and constraints,
based on the ansatzes (1.3) and (1.4) respectively. Sec.4 is devoted to some applications
of the derived general results. In Sec. 5, we conclude with several remarks.
2 Exact string solutions
In our further considerations, we will explore the Polyakov type action for the bosonic
string in a D-dimensional curved space-time with metric tensor gMN(x), interacting with
a background 2-form gauge field bMN (x) via Wess-Zumino term
SP =
∫
d2ξLP , LP = −1
2
(
T
√−γγmnGmn −QεmnBmn
)
, (2.1)
ξm = (ξ0, ξ1) = (τ, σ), m, n = (0, 1),
where
Gmn = ∂mX
M∂nX
NgMN , Bmn = ∂mX
M∂nX
NbMN ,
(∂m = ∂/∂ξ
m, M,N = 0, 1, . . . , D − 1),
2See section 5.
3The corresponding results, based on the ansatzes (1.1) and (1.2), can be found in [31].
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are the fields induced on the string worldsheet, γ is the determinant of the auxiliary
worldsheet metric γmn, and γ
mn is its inverse. The position of the string in the background
space-time is given by xM = XM(ξm), and T = 1/2πα′, Q are the string tension and
charge, respectively. If we consider the action (2.1) as a bosonic part of a supersymmetric
one, we have to put Q = ±T . In what follows, Q = T .
The equations of motion for XM following from (2.1) are:
−gLK
[
∂m
(√−γγmn∂nXK)+√−γγmnΓKMN∂mXM∂nXN] (2.2)
=
1
2
HLMNǫ
mn∂mX
M∂nX
N ,
where
ΓL,MN = gLKΓ
K
MN =
1
2
(∂MgNL + ∂NgML − ∂LgMN) ,
HLMN = ∂LbMN + ∂MbNL + ∂NbLM ,
are the components of the symmetric connection corresponding to the metric gMN , and
the field strength of the gauge field bMN respectively. The constraints are obtained by
varying the action (2.1) with respect to γmn:
δγmnS
P = 0⇒
(
γklγmn − 2γkmγln
)
Gmn = 0. (2.3)
Now, our task is to find exact solutions of the nonlinear differential equations (2.2)
and (2.3). Let us first consider the constraints (2.3). We have three constraints in (2.3),
but only two of them are independent. To extract the independent ones, we rewrite the
three constraints as follows: (
γ00γmn − 2γ0mγ0n
)
Gmn = 0, (2.4)(
γ01γmn − 2γ0mγ1n
)
Gmn = 0, (2.5)(
γ11γmn − 2γ1mγ1n
)
Gmn = 0. (2.6)
Inserting G11 from (2.6) into (2.4) and (2.5), one obtains that both of them are satisfied,
when the equality
γ01G00 + γ
11G01 = 0 (2.7)
holds. To simplify the constraint (2.6), we put (2.7) in it, which results in
γ00G00 − γ11G11 = 0. (2.8)
Thus, our independent constraints, with which we will work from now on, are given by
(2.7) and (2.8).
Now let us turn to the equations of motion (2.2). We will use the gauge γmn =
constants, in which they simplify to
gLKγ
mn
(
∂m∂nX
K + ΓKMN∂mX
M∂nX
N
)
= − 1
2
√−γHLMNǫ
mn∂mX
M∂nX
N . (2.9)
In particular, γmn = ηmn = diag(−1, 1) correspond to the commonly used conformal
gauge.
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2.1 Solving the equations of motion and constraints
In solving the equations of motion and constraints, we will use string embedding that
exploits the symmetries of the background. Namely, our ansatz for the string coordinates
XM(τ, σ) = (Xµ, Xa) in this section is given by (1.3), and xµ are the target space-time
coordinates, on which the background fields do not depend:
∂µgMN = 0, ∂µbMN = 0. (2.10)
Taking into account the ansatz (1.3) and under the conditions (2.10), one obtains the
following reduced Lagrangian density, arising from the action (2.1) (the prime is used for
d/dσ)
LA(σ) = −T
2
√−γ
[
γ11gabZ
′aZ ′b + 2
(
γ1mΛµmgµa −
1√−γΛ
µ
0bµa
)
Z ′a + (2.11)
+γmnΛµmΛ
ν
ngµν −
2√−γΛ
µ
0Λ
ν
1bµν
]
,
where the fields induced on the string worldsheet are given by
G00 = Λ
µ
0Λ
ν
0gµν , G01 = Λ
µ
0 (gµaZ
′a + Λν1gµν) ,
G11 = gabZ
′aZ ′b + 2Λµ1gµaZ
′a + Λµ1Λ
ν
1gµν ; (2.12)
B01 = Λ
µ
0 (bµaZ
′a + Λν1bµν) ;
The constraints (2.8) and (2.7) respectively, and the equations of motion for XM (2.9),
can be written as
γ11
(
gabZ
′aZ ′b + 2Λµ1gµbZ
′b
)
−
(
γ00Λµ0Λ
ν
0 − γ11Λµ1Λν1
)
gµν = 0, (2.13)
Λµ0
(
γ11gµaZ
′a + γ1nΛνngµν
)
= 0; (2.14)
γ11
(
gLbZ
′′b + ΓL,bcZ
′bZ ′c
)
+ 2γ1mΛµmΓL,µbZ
′b + γmnΛµmΛ
ν
nΓL,µν (2.15)
= − 1√−γΛ
µ
0 (HLµaZ
′a + Λν1HLµν) .
Let us write down the conserved quantities. By definition, the generalized momenta
are
PL ≡ ∂L
P
∂(∂0XL)
= −T
(√−γγ0ngLN∂nXN − bLN∂1XN) .
For our ansatz (1.3) , they take the form:
PL = −T
√−γ
[(
γ01gLb − 1√−γ bLb
)
Z ′b + γ0nΛνngLν −
1√−γΛ
ν
1bLν
]
.
4
The Lagrangian (2.11) does not depend on the coordinates Xµ. Therefore, the conjugated
momenta Pµ do not depend on the proper time τ
4
Pµ(σ) = −T
√−γ
[(
γ01gµb − 1√−γ bµb
)
Z ′b + γ0nΛνngµν −
1√−γΛ
ν
1bµν
]
, ∂0Pµ = 0.(2.16)
In order for our ansatz (1.3), (2.10) to be consistent with the action (2.1), the following
conditions must be fulfilled
∂1Pµ ≡ ∂Pµ
∂σ
= 0, (2.17)
where
PM ≡ ∂L
P
∂(∂1XM)
= −T
(√−γγ1ngMN∂nXN + bMN∂0XN)
= −T√−γ
[
γ11gMbZ
′b + γ1nΛνngMν +
1√−γΛ
ν
0bMν
]
. (2.18)
This is because the equations of motion (2.2) can be rewritten as
∂PM
∂τ
+
∂PM
∂σ
− ∂L
P
∂xM
= 0.
Hence, for the ansatz (1.3), (2.10), and for M = µ, these equations take the form (2.17).
Let us show this explicitly. In accordance with (2.10), the computation of Γλ,MN and
Hλ,MN gives
Γλ,ab =
1
2
(∂agbλ + ∂bgaλ) , Γλ,µa =
1
2
∂agµλ, Γλ,µν = 0,
Hλab = ∂abbλ + ∂bbλa, Hλµa = ∂abλµ, Hλµν = 0.
Inserting these expressions in the part of the differential equations (2.15) corresponding
to L = λ, and using the equalities g′MN = Z
′a∂agMN , b
′
MN = Z
′a∂abMN , one receives that
the quantities
γ11gλa(σ)Z
′a(σ) + γ1mΛµmgλµ(σ) +
1√−γΛ
µ
0bλµ(σ) (2.19)
do not depend on σ. Actually, they do not depend on τ too. Comparing (2.19) with
(2.18), we see that they are connected with the constants of the motion Pµ as
γ11gµaZ
′a + γ1nΛνngµν +
1√−γΛ
ν
0bµν = −
Pµ
T
√−γ = constants. (2.20)
From (2.14) and (2.20), one obtains the following compatibility condition
Λν0Pν = 0. (2.21)
4Actually, all momenta PM do not depend on τ , because there is no such dependence in (2.11).
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This equality may be interpreted as a solution of the constraint (2.14), which restricts the
number of the independent parameters in the theory 5.
With the help of (2.20), the other constraint, (2.13), can be rewritten in the form
gabZ
′aZ ′b = U , (2.22)
where U is given by
U = 1
γ11
[
γmnΛµmΛ
ν
ngµν +
2Λµ1
T
√−γ (Pµ + TΛ
ν
0bµν)
]
. (2.23)
Now, let us turn to the equations of motion (2.15), corresponding to L = a. In view
of the conditions (2.10),
Γa,µb = −1
2
(∂agbµ − ∂bgaµ) = −∂[agb]µ, Γa,µν = −1
2
∂agµν ,
Haµν = ∂abµν ; Habν = ∂abbν − ∂bbaν = 2∂[abb]ν .
By using this, one obtains
gabZ
′′b + Γa,bcZ
′bZ ′c =
1
2
∂aU + 2∂[aAb]Z ′b. (2.24)
In (2.24), an effective scalar potential U and an effective 1-form gauge field Aa appeared.
U is given in (2.23) (and is the same as in the effective constraint (2.22)), and
Aa = 1
γ11
(
γ1mΛµmgaµ +
1√−γΛ
µ
0baµ
)
. (2.25)
Now our task is to find exact solutions of the nonlinear differential equations (2.22)
and (2.24). How exactly this can be done is explained in Appendix A. Here, we give the
final results only.
If the background seen by the string depends on only one coordinate xa, the general
solution for the string embedding coordinate Xa(τ, σ) = Za(σ) is given by
σ (Xa) = σ0 +
∫ Xa
Xa
0
( U
gaa
)−1/2
dx.
When the background felt by the string depends on more than one coordinate xa, the first
integrals of the equations of motion for Za(σ) = (Zr, Zα), which also solve the constraint
(2.22), are
(grrZ
′r)
2
= grr

(1− nα)U − 2nα (Ar − ∂rf)Z ′r −∑
α
Dα
(
Za6=α
)
gαα

 = Fr (Zr) ≥ 0,
(gααZ
′α)
2
= Dα
(
Za6=α
)
+ gαα [U + 2 (Ar − ∂rf)Z ′r] = Fα
(
Zβ
)
≥ 0,
5When Λµ
1
= 0, gµa = 0 and in diagonal worldsheet gauge (γ
01 = 0), the constraint (2.14) and the
condition (2.21) are identically satisfied. All classical string configurations belonging to the type (1.3),
and the corresponding string theory backgrounds considered in [1] - [5], [7], [8], [10], [11], [14] - [20], [23]
- [26], are particular cases of this particular case.
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where Zr is one of the coordinates Za, Zα are the remaining ones, nα is the number of Z
α,
and Dα, Fa are arbitrary functions of their arguments. The above expressions are valid, if
the gab part of the metric is diagonal one, and the following integrability conditions hold
6
Aa ≡ (Ar,Aα) = (Ar, ∂αf), ∂α
(
gαα
gaa
)
= 0,
∂α (grrZ
′r)
2
= 0, ∂r (gααZ
′α)
2
= 0.
2.2 The tensionless limit
The results obtained till now are not applicable to tensionless (null) strings, because the
action (2.1) is proportional to the string tension T . The parameterization of the auxiliary
worldsheet metric γmn, which is appropriate for considering the zero tension limit T → 0,
is the following [32, 33]:
γ00 = −1, γ01 = λ1, γ11 = (2λ0T )2 − (λ1)2, det(γmn) = −(2λ0T )2. (2.26)
Now, the action (2.1) becomes
Sλ =
∫
d2ξ
{ 1
4λ0
[
G00 − 2λ1G01 +
(
λ1
)2
G11 −
(
2λ0T
)2
G11
]
+ TB01
}
.
Here, λn are the Lagrange multipliers, whose equations of motion generate the independent
constraints.
In these notations, the constraints (2.13) and (2.14), the equations of motion (2.15),
and the conserved quantities (2.16), (2.20) take the form
gabZ
′aZ ′b + 2Λµ1gµbZ
′b +
[
Λµ0Λ
ν
0
(2λ0T )2 − (λ1)2 + Λ
µ
1Λ
ν
1
]
gµν = 0,
Λµ0
{
gµaZ
′a +
[
λ1Λν0
(2λ0T )2 − (λ1)2 + Λ
ν
1
]
gµν
}
= 0;
gLbZ
′′b + ΓL,bcZ
′bZ ′c + 2
[
λ1Λµ0
(2λ0T )2 − (λ1)2 + Λ
µ
1
]
ΓL,µbZ
′b
+
[
Λµ0 (2λ
1Λν1 − Λν0)
(2λ0T )2 − (λ1)2 + Λ
µ
1Λ
ν
1
]
ΓL,µν = − 2λ
0T
(2λ0T )2 − (λ1)2Λ
µ
0 (HLµaZ
′a + Λν1HLµν) .
Pµ(σ) =
1
2λ0
[(
−λ1gµa + 2λ0Tbµa
)
Z ′a +
(
Λν0 − λ1Λν1
)
gµν + 2λ
0TΛν1bµν
]
,
Pµ = − 1
2λ0
{[
(2λ0T )2 − (λ1)2
]
(gµaZ
′a + Λν1gµν) + Λ
ν
0
(
λ1gµν + 2λ
0Tbµν
)}
.
6In all cases, considered in [1] - [27], Aa ≡ 0.
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The reduced equations of motion and constraint (2.24) and (2.22) have the same form,
but now, the effective potential (2.23) and the effective gauge field (2.25) are given by
U =
[
Λµ0 (2λ
1Λν1 − Λν0)
(2λ0T )2 − (λ1)2 + Λ
µ
1Λ
ν
1
]
gµν +
4λ0
(2λ0T )2 − (λ1)2Λ
µ
1 (Pµ + TΛν0bµν) ,
Aa =
[
λ1Λν0
(2λ0T )2 − (λ1)2 + Λ
ν
1
]
gaν +
2λ0T
(2λ0T )2 − (λ1)2Λ
µ
0baµ.
If one sets λ1 = 0 and 2λ0T = 1, this will correspond to conformal gauge, as it should
be. If one puts T = 0 in the above formulas, they will describe tensionless strings.
3 Exact solutions for more general string embedding
In this section, we will use the ansatz (1.4) for the string coordinates, which corresponds
to more general string embedding. Here, compared with (1.3), Xµ are allowed to vary
non-linearly with the worldsheet spatial parameter σ. Of course, the conditions (2.10) on
the background fields are also fulfilled.
Taking into account the ansatz (1.4), one obtains that the induced fields Gmn and
Bmn, the Lagrangian density, the constraints (2.8) and (2.7) respectively, and the Euler-
Lagrange equations for XM (2.9) are given by
G00 = Λ
µ
0Λ
ν
0gµν , G01 = Λ
µ
0
(
gµNZ
′N + Λν1gµν
)
, (3.1)
G11 = gMNZ
′MZ ′N + 2Λµ1gµNZ
′N + Λµ1Λ
ν
1gµν ;
B01 = Λ
µ
0
(
bµNZ
′N + Λν1bµν
)
;
LGA(σ) = −T
2
√−γ
[
γ11gMNZ
′MZ ′N + 2
(
γ1mΛµmgµN −
Λµ0bµN√−γ
)
Z ′N+
+ γmnΛµmΛ
ν
ngµν −
2Λµ0Λ
ν
1bµν√−γ
]
;
γ11gMNZ
′MZ ′N + 2γ11Λµ1gµNZ
′N −
(
γ00Λµ0Λ
ν
0 − γ11Λµ1Λν1
)
gµν = 0, (3.2)
Λµ0
(
γ11gµNZ
′N + γ1nΛνngµν
)
= 0; (3.3)
γ11
(
gLNZ
′′N + ΓL,MNZ
′MZ ′N
)
+ 2γ1mΛµmΓL,µNZ
′N + γmnΛµmΛ
ν
nΓL,µν = (3.4)
= − 1√−γΛ
µ
0
(
HLµNZ
′N + Λν1HLµν
)
.
The quantities PL, PL can be found as before, and now they are(
γ01gLN − bLN√−γ
)
Z ′N + γ0nΛνngLν −
Λν1bLν√−γ = −
PL
T
√−γ , ∂0PL = 0, (3.5)
γ11gLNZ
′N + γ1nΛνngLν +
Λν0bLν√−γ = −
PL
T
√−γ , ∂0PL = 0, ∂1Pµ = 0. (3.6)
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The compatibility condition following from the constraint (3.3) and from (3.6) coincides
with the previous one (2.21).
As in the previous section, the equations (3.4) for L = λ lead to ∂1Pλ = 0. Conse-
quently, our next task is to consider the equations (3.4) for L = a and the constraint
(3.2). First of all, we will eliminate the variables Z ′µ from them. To this end, we express
Z ′µ through Z ′a by using (3.6):
Z ′µ = −γ
1m
γ11
Λµm −
(
g−1
)µν [
gνaZ
′a +
1
T
√−γγ11 (Pν + TΛ
ρ
0bνρ)
]
. (3.7)
With the help of (3.7) and (2.21), the equations (3.4) for L = a and the constraint (3.2)
acquire the form
habZ
′′b + Γha,bcZ
′bZ ′c =
1
2
∂aUh + 2∂[aAhb]Z ′b, (3.8)
habZ
′aZ ′b = Uh, (3.9)
where a new, effective metric appeared
hab = gab − gaµ(g−1)µνgνb.
Γha,bc is the symmetric connection corresponding to this metric
Γha,bc =
1
2
(∂bhca + ∂chba − ∂ahbc) .
The effective scalar and gauge potentials, expressed through the background fields, are as
follows
Uh = 1
γ (γ11)2
[
Λµ0Λ
ν
0gµν +
1
T 2
(Pµ + TΛρ0bµρ) (g−1)µν
(
Pν + TΛλ0bνλ
)]
,
Aha = −
1
T
√−γγ11
[
gaµ(g
−1)µν (Pν + TΛρ0bνρ)− TΛρ0baρ
]
.
We point out the qualitatively different behavior of the potentials Uh and Aha , compared
to U and Aa from the previous section, due to the appearance of the inverse metric (g−1)µν
in the above expressions.
Since the equations (2.24), (2.22) and (3.8), (3.9) have the same form, for obtaining
exact string solutions, we can proceed as before and use the derived formulas after the
replacements (g,Γ,U ,A)→ (h,Γh,Uh,Ah) (see Appendix A). In particular, the solution
depending on one of the coordinates Xa will be
σ (Xa) = σ0 +
∫ Xa
Xa
0
dx
(Uh
haa
)−1/2
. (3.10)
In this case by integrating (3.7), and replacing the solution for Zµ in the ansatz (1.4), one
obtains solution for the string coordinates Xµ of the type Xµ(τ,Xa):
Xµ(τ,Xa) = Xµ0 + Λ
µ
0
[
τ − γ
01
γ11
σ (Xa)
]
− (3.11)
−
∫ Xa
Xa
0
(g−1)µν

gνa + (Pν + TΛ
ρ
0bνρ)
T
√−γγ11
( Uh
haa
)−1/2 dx.
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To write down a solution of the type Xµ(τ, σ), one have to invert the solution (3.10):
σ (Xa)→ Xa(σ). Then, Xµ(τ, σ) are given by
Xµ(τ, σ) = Xµ0 + Λ
µ
0
(
τ − γ
01
γ11
σ
)
− (3.12)
−
∫ σ
σ0
(g−1)µν

(Pν + TΛρ0bνρ)
T
√−γγ11 + gνa
( Uh
haa
)1/2 dσ.
Let us also give the expression for Pµ after the elimination of Z
′µ from (3.5)
Pµ(σ) = T
[
bµa − bµν
(
g−1
)νλ
gλa
]
Z ′a (3.13)
+
1
γ11
{
γ01Pµ + 1√−γ
[
TΛν0gµν − bµν
(
g−1
)νλ
(Pλ + TΛρ0bλρ)
]}
.
These equalities connect the conserved momenta Pµ with the constants of the motion Pµ.
To be able to take the tensionless limit T → 0 in the above formulas, we must use the
λ-parameterization (2.26) of γmn. The quantities, which depend on this parameterization,
and appear in the reduced equations of motion and constraint (3.8), (3.9), and therefore
- in the solutions, are Uh and Aha . Now, they read
Uh = − (2λ
0)2
[(2λ0T )2 − (λ1)2]2
[
T 2Λµ0Λ
ν
0gµν + (Pµ + TΛρ0bµρ) (g−1)µν
(
Pν + TΛλ0bνλ
)]
,
Aha = −
2λ0
(2λ0T )2 − (λ1)2
[
gaµ(g
−1)µν (Pν + TΛρ0bνρ)− TΛρ0baρ
]
.
If one sets λ1 = 0 and 2λ0T = 1, the conformal gauge results are obtained. If one puts
T = 0 in the above equalities, they will correspond to tensionless strings. For instance,
the solution Xµ(τ,Xa) reduces to
Xµ(τ,Xa)T=0 = X
µ
0 + Λ
µ
0
[
τ +
σ (Xa)
λ1
]
−
−
∫ Xa
Xa
0
(g−1)µν

gνa − 2λ0
(λ1)2
Pν
( Uh
haa
)−1/2
T=0

 dx.
4 Examples
In the previous two sections, we described a general approach for solving the string equa-
tions of motion and constraints in the background fields gMN(x) and bMN(x), based on
the ansatzes (1.3) and (1.4). In this section, as an illustration of the previously obtained
generic results, we will establish the correspondence with the particular cases considered
in [1] - in the framework of the linear ansatz (1.3), and in [13] - in the framework of the
nonlinear ansatz (1.4). After that, we will find new exact string solutions in AdS5 black
hole and in AdS5 × S5 backgrounds.
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4.1 Comparing with known solutions
In [1], the string theory background is AdS5 × S5, with field theory dual N = 4 SU(N)
SYM in four dimensional flat space-time. The metric of the AdS5 is taken in global
coordinates, so that the string energy is identified with the conformal dimension in the
dual CFT
ds2AdS5 = R
2
(
− cosh2 ρdt2 + dρ2 + sinh2 ρdΩ23
)
,
dΩ23 = dθ
2 + cos2 θ
(
dψ2 + cos2 ψdφ2
)
, R4 = λα′2.
As our first example, we will consider one of the classical string configurations analyzed
in [1]. Namely, we will consider a closed spinning string in AdS5 given by the following
ansatz
t = eτ, ρ = ρ(σ), φ = eωτ, e, ω = constants. (4.1)
Therefore, the background seen by the string is
ds2 = R2
(
− cosh2 ρdt2 + dρ2 + sinh2 ρdφ2
)
, bMN = 0. (4.2)
This metric does not depend on x0 = t and x2 = φ, i.e. Xµ = X0,2 andXa = X1 = ρ(σ) in
our notation. Comparing the ansatzes (1.3) and (4.1), one sees that the latter is particular
case of the former, corresponding to
Λ00 = e, Λ
0
1 = Λ
2
1 = 0, Λ
2
0 = eω.
The conserved momenta Pµ, obtained from (2.16), are
P0 = T
√−γγ00eR2 cosh2 ρ, P2 = −T
√−γγ00eωR2 sinh2 ρ.
So, the energy and the spin are given by
E = −
∫ 2pi
0
dσP0 = −T
√−γγ00eR2
∫ 2pi
0
dσ cosh2 ρ, (4.3)
S =
∫ 2pi
0
dσP2 = −T
√−γγ00eωR2
∫ 2pi
0
dσ sinh2 ρ. (4.4)
In diagonal worldsheet gauge, γ01 = 0, the first integrals (2.20) are identically zero:
Pµ ≡ 0, µ = 0, 2. In this gauge, the constraint (2.14) and the compatibility condition
(2.21) are also identically satisfied. Thus, it remains to solve the equations of motion
(2.24) and the constraint (2.22). The background (4.2) depends on only one coordinate
x1 = ρ. We know from our considerations in Appendix A that in this case, the effective
constraint (2.22) is first integral of the equation (2.24). It reads
ρ′2 = −γ
00
γ11
e2
(
cosh2 ρ− ω2 sinh2 ρ
)
. (4.5)
It follows from here that
dσ =
dρ
e
√
−γ00
γ11
(
cosh2 ρ− ω2 sinh2 ρ
) . (4.6)
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By integrating this equality, one obtains the string solution σ(ρ), given in the general case
by (A.4).
In conformal gauge, (4.3), (4.4), (4.5) and (4.6) reduce to the corresponding formulas
derived in [1]. In the tensionless limit, after using the λ-parameterization (2.26) of γmn,
(4.3), (4.4) and (4.6) take the form
ET=0 =
eR2
2λ0
∫ 2pi
0
dσ cosh2 ρ,
ST=0 =
eωR2
2λ0
∫ 2pi
0
dσ sinh2 ρ,
dσT=0 =
λ1dρ
e
√(
ω2 sinh2 ρ− cosh2 ρ
) .
In [13], the string theory background is AdS3 × S3 ×M, with NS-NS 2-form gauge
field. In accordance with the AdS/CFT duality, the string theory on AdS3 × S3 ×M
is dual to a superconformal field theory on a cylinder, which is the boundary of AdS3 in
global coordinates. In such coordinates, the NS-NS AdS3 background can be written as
ds2AdS3 = R
2
[
−(1 + r2)dt2 + dr
2
1 + r2
+ r2dφ2
]
, btφ = R
2r2. (4.7)
As our second example, we will consider the first of the two classical string configura-
tions discussed in [13]
t = c1τ + t˜(σ), r = r(σ), φ = c2τ + φ˜(σ). (4.8)
The above background does not depend on x0 = t and x2 = φ. Therefore, µ = (0, 2),
a = 1, and comparing (4.8) with (1.4), one obtains
Λ00 = c1, Λ
2
0 = c2, Λ
µ
1 = 0,
Z0(σ) = t˜(σ), Z1(σ) = r(σ), Z2(σ) = φ˜(σ).
The action (2.1) for this string embedding, in worldsheet gauge γmn = constants, is
SP = −TR
2
2
√−γ
∫
dτdσ
[
−(1 + r2)
(
γ00c21 + 2γ
01c1t˜
′ + γ11t˜′2
)
(4.9)
+γ11
r′2
1 + r2
+ r2
(
γ00c22 + 2γ
01c2φ˜
′ + γ11φ˜′2
)
− 2√−γ r
2
(
c1φ˜
′ − c2t˜′
)]
.
The explicit expressions for the conserved momenta Pµ can be obtained from (3.5).
By using them, one is able to compute the string energy and spin:
E = −
∫ 2pi
0
dσP0 = −T
√−γR2
∫ 2pi
0
dσ
[(
γ00c1 + γ
01t′
)
(1 + r2) +
r2φ′√−γ
]
, (4.10)
S =
∫ 2pi
0
dσP2 = −T
√−γR2
∫ 2pi
0
dσ
(
γ00c2 + γ
01φ′ +
t′√−γ
)
r2. (4.11)
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As we know from Sec.3, the quantities Pµ, given in (3.6), are first integrals for this
part of the equations of motion (3.4), which correspond to L = µ. For the case under
consideration, (3.6) leads to the following expressions for Pµ:
P0 = T
√−γR2
[(
γ11t˜′ + γ01c1
)
(1 + r2)− c2r
2
√−γ
]
= constant,
P2 = −T
√−γR2
(
γ11φ˜′ + γ01c2 − c1√−γ
)
r2 = constant.
The above equalities are first order ordinary differential equations for t˜(σ) and φ˜(σ), which
rewritten in normal form read
t˜′ =
c2r
2 − k1√−γγ11(1 + r2) −
γ01
γ11
c1, φ˜
′ =
c1r
2 − k2√−γγ11r2 −
γ01
γ11
c2, (4.12)
where
k1 ≡ − P0
TR2
, k2 ≡ P2
TR2
.
The equations (4.12) can be solved, if the function r = r(σ) is already known. Before
explaining how to find it, let us consider the compatibility condition (2.21), which is the
same for both ansatzes - (1.3) and (1.4). In our case, it gives
c1k1 = c2k2, (4.13)
from where one can eliminate one of the free parameters in the theory. From now on, we
will use that c2 = c1k1/k2.
Now, we are going to solve the equations of motion (3.8) and the constraint (3.9).
The background fields in (4.7) depend on only one coordinate x1 = r. Therefore, as we
already know, the effective constraint (3.9) is first integral of the equation of motion (3.8)
for this coordinate.Thus, we have to only solve the constraint (3.9), which in the case
under consideration reads
r′2 = − αβ
γ (γ11)2 k22r
2
(
k22
α
− r2
)(
r2 − k
2
2
β
)
, (4.14)
where
α = k21 − k22, β = c1(c1 + 2k2).
To find solution of this equation, we apply our general formula (3.10) and obtain (σ0 = 0):
σ(r) =
√−γγ11k2
2
√
αβ
∫ dr2√(
k2
2
α
− r2
) (
r2 − k22
β
)
= −√−γγ11 k2
2
√
αβ
arcsin

 2αβk22 r2 − (α + β)
α− β

 .
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By inverting this solution, one receives
r2(σ) =
k22
2αβ
[
(α + β)− (α− β) sin
(
2
√
αβ√−γγ11k2σ
)]
. (4.15)
Now, we can write down the solutions Xµ = Xµ(τ, r) for the remaining string coordi-
nates, by using (3.11):
X0(τ, r) ≡ t(τ, r) = c1τ + c1
γ11
(
k1√−γk2 − γ
01
)
σ(r)
−k1(c1 + k2)
2
√
αβ
∫
dr2
(r2 + 1)
√(
k2
2
α
− r2
) (
r2 − k22
β
) ,
X2(τ, r) ≡ φ(τ, r) = c1k1
k2
τ +
c1
γ11
(
1√−γ − γ
01k1
k2
)
σ(r)
− k
2
2
2
√
αβ
∫
dr2
r2
√(
k2
2
α
− r2
) (
r2 − k22
β
) .
Let us also give the connection between the conserved momenta Pµ and the constants
of the motion Pµ following from (3.13):
P0 =
1
γ11
[
γ01P0 − 1√−γ
(
P2 + c1TR2
)]
,
P2 =
1
γ11
[
γ01P2 − 1√−γ
(
P0 − P0 + c2TR
2r2
r2 + 1
)]
.
By integrating these equalities, one obtains the following expressions for the string energy
(4.10) and spin (4.11)
E = − 2π
γ11
[
γ01P0 − P2√−γ
(
1 + c1
TR2
P2
)]
, (4.16)
S =
2π
γ11
[
γ01P2 − P0√−γ
(
1 + c1
TR2
P2
)(
1− 1
2π
∫ 2pi
0
dσ
r2(σ) + 1
)]
. (4.17)
In the particular case of conformal gauge, (4.9) - (4.17) reproduce the corresponding
results derived in [13]. To write down the solutions for Xµ as functions of τ and σ (instead
of τ and r), as given in [13], it is enough for one to replace (4.15) into (3.12).
In the tensionless limit T → 0, after using the λ-parameterization (2.26) of γmn, one
obtains the following exact string solutions
σ(r)T=0 =
(λ1R)
2
4λ0
∫
dr2√
(P20 − P22 ) r2 −P22
=
(λ1R)
2
2λ0 (P20 − P22 )
√
(P20 −P22 ) r2 − P22 ,
r2(σ)T=0 =
(2λ0)
2
(P20 − P22 )
(λ1R)4
σ2 +
P22
P20 − P22
;
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X0(τ, r)T=0 ≡ t(τ, r)T=0 = c1
[
τ +
σ(r)
λ1
]
− P0
2
∫
dr2
(r2 + 1)
√
(P20 − P22 ) r2 −P22
,
X2(τ, r)T=0 ≡ φ(τ, r)T=0 = −c1P0P2
[
τ +
σ(r)
λ1
]
+
P2
2
∫
dr2
r2
√
(P20 − P22 ) r2 −P22
;
X0(τ, σ)T=0 ≡ t(τ, σ)T=0 = c1
(
τ + σ/λ1
)
− 2λ
0P0
(λ1R)2
∫
dσ
r2(σ) + 1
,
X2(τ, σ)T=0 ≡ φ(τ, σ)T=0 = −c1P0P2
(
τ + σ/λ1
)
+
2λ0P2
(λ1R)2
∫
dσ
r2(σ)
.
4.2 Obtaining new solutions
Let us give an example, which is not discussed in the literature yet. To compare with what
is known, let us recall that in [4], the string dynamics is considered in the background of
AdS5 black hole, with field theory dual finite temperature N = 4 SYM . The background
metric is taken to be
ds2AdS5BH = −
(
1 +
r2
R2
− M
r2
)
dt2 +
dr2(
1 + r
2
R2
− M
r2
) (4.18)
+r2
(
dθ2 + sin2 θdφ21 + cos
2 θdφ22
)
.
The classical string configuration, investigated in [4] in this gravitational field, is given by
the ansatz
t = τ, r = r(σ), θ =
π
2
, φ1 = ωτ, φ2 = 0. (4.19)
The background felt by the string for this embedding is
ds2 = −
(
1 +
r2
R2
− M
r2
)
dt2 +
dr2(
1 + r
2
R2
− M
r2
) + r2dφ21,
and it depends on x1 = r only. Therefore, µ = (0, 2), a = 1 in our notation. (4.19) is
particular case of (1.3), corresponding to
Λ00 = 1, Λ
2
0 = ω, Λ
µ
1 = 0, Z
1(σ) = r(σ).
Now, we are going to find new exact string solution, based on the ansatz (1.4), which
corresponds to more general string embedding than (1.3). Moreover, none of the coor-
dinates in (4.18) will be kept fixed. As far as the string background (4.18) depends on
x1 = r and x2 = θ, µ = (0, 3, 4), a = (1, 2) in our notation. In this case, the ansatz (1.4)
reduces to (we take Λµ1 = 0):
X0(τ, σ) ≡ t(τ, σ) = Λ00τ + Z0(σ),
X1(τ, σ) = Z1(σ) = r(σ),
X2(τ, σ) = Z2(σ) = θ(σ), (4.20)
X3(τ, σ) ≡ φ1(τ, σ) = Λ30τ + Z3(σ),
X4(τ, σ) ≡ φ2(τ, σ) = Λ40τ + Z4(σ).
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The explicit expressions for the conserved momenta Pµ can be found from (3.5). By
using them, one receives:
E = −
∫ 2pi
0
dσP0(σ) = −T
√−γ
∫ 2pi
0
dσ
(
1 +
r2
R2
− M
r2
)(
γ00Λ00 + γ
01Z ′0
)
,
S1 =
∫ 2pi
0
dσP3(σ) = −T
√−γ
∫ 2pi
0
dσr2 sin2 θ
(
γ00Λ30 + γ
01Z ′3
)
, (4.21)
S2 =
∫ 2pi
0
dσP4(σ) = −T
√−γ
∫ 2pi
0
dσr2 cos2 θ
(
γ00Λ40 + γ
01Z ′4
)
.
The first integrals Pµ for this part of the equations of motion (3.4), which correspond
to L = µ, are given by (3.6). Now, they simplify to:
Pµ = −T
√−γgµν
(
γ11Z ′ν + γ01Λν0
)
= constants.
The connection between the conserved momenta Pµ and the constants of the motion Pµ
following from (3.13), allows one to exclude Z ′µ from (4.21) and to rewrite E, S1 and S2
as follows
E = −2πγ
01
γ11
P0 + TΛ
0
0√−γ
∫ 2pi
0
dσ
(
1 +
r2
R2
− M
r2
)
,
S1 = 2π
γ01
γ11
P3 + TΛ
3
0√−γ
∫ 2pi
0
dσr2 sin2 θ,
S2 = 2π
γ01
γ11
P4 + TΛ
4
0√−γ
∫ 2pi
0
dσr2 cos2 θ.
It is easy to check, that the above three quantities are constrained by the equality:
E = −2πγ
01
γ11
[
P0 + Λ
0
0
R2
(P3
Λ30
+
P4
Λ40
)]
+
Λ00
R2
(
S1
Λ30
+
S2
Λ40
)
+
2πTΛ00√−γ
(
1− M
2π
∫ 2pi
0
dσ
r2(σ)
)
.
Let us now consider the compatibility condition (2.21). In the case at hand, it gives
Λ40 = −
1
P4
(
Λ00P0 + Λ30P3
)
. (4.22)
From now on, we will use this expression for Λ40, thus ensuring that the constraint (3.3)
is identically satisfied.
Our next goal is to solve the equations of motion (3.8) and the constraint (3.9). As
explained in Sec.3, these equations have the same form as (2.24) and (2.22). Thus, for
obtaining exact string solutions in the framework of the ansatz (1.4), we can use the
formulas derived in Appendix A, after the replacements (g,Γ,U ,A) → (h,Γh,Uh,Ah).
Since the background metric (4.18) is diagonal one and bMN = 0,
hab = gab, Γ
h
a,bc = Γa,bc, Aha = 0.
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So, we only need to replace U → Uh and A → Ah = 0 in (A.5) and (A.6). As far as
the diagonal background in (4.18) depends on two coordinates, we can use the general
expressions (A.11) and (A.13) for the first integrals of the equations (A.8), (A.9), which
also solve the constraint (A.6), if the derived sufficient conditions (A.7), (A.10) and (A.12)
are satisfied. Let us check this. The condition (A.7) does not appear, because in our case
the effective gauge potential Ah is identically zero. The first of the conditions (A.10) is
satisfied, because it takes the form
∂
∂θ
[
g22(r)
g11(r)
]
≡ 0.
Consequently, it remains to satisfy the second of the conditions (A.10) and the condition
(A.12). In the case at hand, they require, the right hand sides of (A.11) and (A.13) to
depend only on Z2 = θ and Z1 = r respectively. To see if this is true, let us write down
the first integrals (A.13) and (A.11) explicitly
(g11r
′)
2
= −g11(r)
g22(r)
D2(r) ≡ F1(r) ≥ 0, (4.23)
(g22θ
′)
2
= D2(r) + g22(r)Uh(r, θ)
= D2(r)− 1
γ (γ11)2
{
(Λ00)
2
R2
∆(r)−
[(
Λ30
)2
sin2 θ +
(Λ00P0 + Λ30P3)2
(P4)2
cos2 θ
]
r4
+
1
T 2
[P20R2r4
∆(r)
−
( P23
sin2 θ
+
P24
cos2 θ
)]}
≥ 0,
∆(r) = r4 +R2(r2 −M).
It is evident that the r.h.s. of the equation for r′ is a function only on r, while the r.h.s.
of the equation for θ′ is not a function only on θ. However, we have enough freedom to
satisfy this last condition. To this end, we choose the arbitrary parameter Λ30 and the
arbitrary function D2(r) to be given by
Λ30 = −
P0
P3 ± P4Λ
0
0 ⇒ Λ40 = −
P0
P4
(
1− 1P3 ± P4
)
Λ00,
D2(r) = c
2 +
1
γ (γ11)2
[
(Λ00)
2
R2
∆(r)− (Λ
0
0P0)2
(P3 ±P4)2
r4 +
1
T 2
P20R2r4
∆(r)
]
≤ 0, (4.24)
where c is arbitrary constant. After this choice, the first integral of the equation of motion
for the string coordinate θ(σ) takes the form
(g22θ
′)
2
= c2 +
1
γ (γ11)2 T 2
( P23
sin2 θ
+
P24
cos2 θ
)
≡ F2(θ) ≥ 0. (4.25)
In this way, all conditions are satisfied, and we can start solving the equations (4.23) and
(4.25). The general solution of (4.23) is given by
σ(r) = R2
∫
r2dr
∆(r)
√
F1(r)
.
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If we can obtain r(σ) from here, the general solution of (4.25) will be
∫ dθ√
F2(θ)
=
∫ dσ
r2(σ)
.
Anyway, we can always find the orbit r = r(θ) from (4.23) and (4.25), and it is defined
by the equality
R2
∫
dr
∆(r)
√
F1(r)
=
∫
dθ√
F2(θ)
. (4.26)
To find the general solution for the remaining string coordinates Xµ, we have to
integrate the equations (3.7), which in our case simplify to
Z ′µ = −γ
01
γ11
Λµ0 −
Pν
T
√−γγ11
(
g−1
)µν
, (4.27)
and then replace the received Zµ into the initial ansatz (4.20). The same result may be
obtained directly from (3.12) for solutions of the type Xµ(τ, σ). Written explicitly, they
are:
X0(τ, σ) ≡ t(τ, σ) = Λ00
(
τ − γ
01
γ11
σ
)
+
R2P0
T
√−γγ11
∫
r2(σ)dσ
∆[r(σ)]
,
X3(τ, σ) ≡ φ1(τ, σ) = − Λ
0
0P0
P3 ±P4
(
τ − γ
01
γ11
σ
)
− P3
T
√−γγ11
∫
dσ
r2(σ) sin2 θ(σ)
,
X4(τ, σ) ≡ φ2(τ, σ) = −Λ
0
0P0
P4
(
1− 1P3 ±P4
)(
τ − γ
01
γ11
σ
)
− P4
T
√−γγ11
∫
dσ
r2(σ) cos2 θ(σ)
.
It is easy to take conformal gauge or the tensionless limit T → 0 in the above solutions,
and we will not consider these cases separately here.
As a final example, let us obtain a family of new string solutions in AdS5 × S5 back-
ground with two spins and up to nine independent conserved R-charges. We take the line
elements in AdS5 and on S
5 to be given by
ds2AdS5 = R
2
[
− cosh2 ρdt2 + dρ2 + sinh2 ρ
(
dθ2 + sin2 θdφ2 + cos2 θdϕ2
)]
,
ds2S5 = R
2
[
dγ2 + cos2 γdϕ23 + sin
2 γ
(
dψ2 + cos2 ψdϕ21 + sin
2 ψdϕ22
)]
.
Now, consider the following string embedding of type (1.3) (the angular coordinates θ and
γ are kept fixed to π/4)
X0(τ, σ) ≡ t(τ, σ) = Λ00τ + Λ01σ, X4(τ, σ) = Z4(σ) = ψ(σ),
X1(τ, σ) = Z1(σ) = ρ(σ), X5(τ, σ) ≡ ϕ1(τ, σ) = Λ50τ + Λ51σ,
X2(τ, σ) ≡ φ(τ, σ) = Λ20τ + Λ21σ, X6(τ, σ) ≡ ϕ2(τ, σ) = Λ60τ + Λ61σ, (4.28)
X3(τ, σ) ≡ ϕ(τ, σ) = Λ30τ + Λ31σ, X7(τ, σ) ≡ ϕ3(τ, σ) = Λ70τ + Λ71σ,
µ = (0, 2, 3, 5, 6, 7), a = (1, 4).
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The background metric seen by the string is
ds2 = R2
[
− cosh2 ρdt2 + dρ2 + 1
2
sinh2 ρ
(
dφ2 + dϕ2
)
+
1
2
(
dψ2 + cos2 ψdϕ21 + sin
2 ψdϕ22 + dϕ
2
3
)]
.
It does not depend on x0 = t, x2 = φ, x3 = ϕ, x5 = ϕ1, x
6 = ϕ2, x
7 = ϕ3, so the
Lagrangian density (2.11) does not depend onXµ(τ, σ), µ = (0, 2, 3, 5, 6, 7). Consequently,
the corresponding generalized momenta (2.16) are conserved
pµ =
∫ 2pi
0
dσPµ(σ) = constants,
p0 ≡ −E = R2T
√−γγ0nΛ0n
∫ 2pi
0
dσ cosh2 ρ(σ),
p2 ≡ S1 = −R
2T
2
√−γγ0nΛ2n
∫ 2pi
0
dσ sinh2 ρ(σ),
p3 ≡ S2 = −R
2T
2
√−γγ0nΛ3n
∫ 2pi
0
dσ sinh2 ρ(σ),
p5 ≡ J1 = −R
2T
2
√−γγ0nΛ5n
∫ 2pi
0
dσ cos2 ψ(σ),
p6 ≡ J2 = −R
2T
2
√−γγ0nΛ6n
∫ 2pi
0
dσ sin2 ψ(σ), (4.29)
p7 ≡ J3 = −πR2T
√−γγ0nΛ7n.
In addition, there exist the constants of the motion (2.20), which must satisfy the condition
(2.21). In our case, we may choose for instance
Λ30 = −
1
P3
(
Λ00P0 + Λ20P2 + Λ50P5 + Λ60P6 + Λ70P7
)
,
to ensure that the constraint (2.14) is identically fulfilled.
The first integrals (A.13), (A.11), of the equations of motion for ρ(σ) and ψ(σ), which
also solve the constraint (A.6), read
(g11ρ
′)
2
= −2D4(ρ) ≡ F1(ρ) ≥ 0, (4.30)
(g44ψ
′)
2
= D4(ρ) + g44U(ρ, ψ)
= d+
R4
4γ11
(
C55 cos2 ψ + C66 sin2 ψ + C77
)
≡ F4(ψ) ≥ 0, (4.31)
d = const, Cµν = γmnΛµmΛ
ν
n.
Here, the arbitrary function D4(ρ) has been chosen to be given by
D4(ρ) = d− R
4
2γ11
[
2Λµ1Pµ
R2T
√−γ − C
00 cosh2 ρ+
1
2
(
C22 + C33
)
sinh2 ρ
]
≤ 0,
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in order the integrability condition (A.12) to be satisfied 7. The general solutions of the
differential equations (4.30) and (4.31), for the string coordinates ρ(σ) and ψ(σ), are
σ(ρ) = R2
∫
dρ√
F1(ρ)
, σ(ψ) =
R2
2
∫
dψ√
F4(ψ)
.
From (4.30) and (4.31), one can also find the orbit ρ = ρ(ψ)
2
∫ dρ√
F1(ρ)
=
∫ dψ√
F4(ψ)
.
Now, let us show that for the string solution obtained above, there exist other nontriv-
ial conserved angular momenta on S5 (R-charges), besides p5 = J1, p6 = J2 and p7 = J3.
To this aim, following [24], we introduce new embedding coordinates on S5, working in
conformal gauge
W1 + iW2 = R sin γ cosψe
iϕ1 , W3 + iW4 = R sin γ sinψe
iϕ2 ,
W5 + iW6 = R cos γe
iϕ3 ,
6∑
A=1
W 2A = R
2.
In terms of these coordinates, the generators of the S5 isometry group O(6) are (∂0 =
∂/∂τ)
JAB = T
∫ 2pi
0
dσ (WA∂0WB −WB∂0WA) ,
and they must be conserved in time: ∂0JAB = 0.
For our ansatz (4.28), the coordinates WA acquire the form
W1(τ, σ) =
R√
2
cosψ(σ) cos
(
Λ50τ + Λ
5
1σ
)
, W2(τ, σ) =
R√
2
cosψ(σ) sin
(
Λ50τ + Λ
5
1σ
)
,
W3(τ, σ) =
R√
2
sinψ(σ) cos
(
Λ60τ + Λ
6
1σ
)
, W4(τ, σ) =
R√
2
sinψ(σ) sin
(
Λ60τ + Λ
6
1σ
)
,
W5(τ, σ) =
R√
2
cos
(
Λ70τ + Λ
7
1σ
)
, W6(τ, σ) =
R√
2
sin
(
Λ70τ + Λ
7
1σ
)
.
By using these expressions for WA, it is easy to check that J12, J34 and J56 coincide with
the conserved momenta (4.29), taken in conformal gauge
J12 = p
cg
5 =
R2T
2
Λ50
∫ 2pi
0
dσ cos2 ψ(σ),
J34 = p
cg
6 =
R2T
2
Λ60
∫ 2pi
0
dσ sin2 ψ(σ),
J56 = p
cg
7 = πR
2TΛ70.
7The condition (A.7) does not appear, because Aa = 0. The remaining conditions (A.10) are satisfied
identically.
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The conservation conditions ∂0JAB = 0, applied to the remaining angular momenta JAB,
constrain the parameters Λ50, Λ
6
0 and Λ
7
0 as follows
Λ50 = Λ
7
0 = ω, Λ
6
0 = ±ω.
Taking this into account, one obtains the following expressions for the other generators
JAB
J±13 = ±J±24 =
R2T
2
ω
∫ 2pi
0
dσ
[
sin
(
ωτ + Λ51σ
)
cos
(
±ωτ + Λ61σ
)
∓ sin
(
±ωτ + Λ61σ
)
cos
(
ωτ + Λ51σ
)]
sinψ(σ) cosψ(σ)
J±14 = ∓J±23 =
R2T
2
ω
∫ 2pi
0
dσ
[
sin
(
ωτ + Λ51σ
)
sin
(
±ωτ + Λ61σ
)
± cos
(
ωτ + Λ51σ
)
cos
(
±ωτ + Λ61σ
)]
sinψ(σ) cosψ(σ)
J15 = J26 =
R2T
2
ω
∫ 2pi
0
dσ
[
sin
(
ωτ + Λ51σ
)
cos
(
ωτ + Λ71σ
)
− sin
(
ωτ + Λ71σ
)
cos
(
ωτ + Λ51σ
)]
cosψ(σ)
J16 = −J25 = R
2T
2
ω
∫ 2pi
0
dσ
[
sin
(
ωτ + Λ51σ
)
sin
(
ωτ + Λ71σ
)
+ cos
(
ωτ + Λ51σ
)
cos
(
ωτ + Λ71σ
)]
cosψ(σ)
J±35 = ±J±46 = ±
R2T
2
ω
∫ 2pi
0
dσ
[
sin
(
±ωτ + Λ61σ
)
cos
(
ωτ + Λ71σ
)
∓ sin
(
ωτ + Λ71σ
)
cos
(
±ωτ + Λ61σ
)]
sinψ(σ)
J±36 = ∓J±45 = ±
R2T
2
ω
∫ 2pi
0
dσ
[
sin
(
±ωτ + Λ61σ
)
sin
(
ωτ + Λ71σ
)
± cos
(
±ωτ + Λ61σ
)
cos
(
ωτ + Λ71σ
)]
sinψ(σ).
Hence, our string solution characterizes with nine independent conserved R-charges, if Λ51,
Λ61, Λ
7
1, are all different.
5 Concluding remarks
The string embeddings (1.1) - (1.4) allow us to reduce the problem of solving the string
equations of motion and constraints to a particle-like one. To achieve this, one have to
get rid of the dependence on the spatial worldsheet coordinate σ, or on the temporal
worldsheet coordinate τ . To this aim, since the string action contains the first derivatives
∂mX
M , the string coordinates XM(τ, σ) must depend on σ or τ at most linearly. Besides,
the background fields entering the action depend implicitly on τ and σ through their
dependence on XM . If we accept that the external fields depend only on part of the
coordinates, say Xa, the resulting reduced Lagrangian density will depend only on ξ0 = τ
for the ansatzes (1.1) and (1.2), or on ξ1 = σ for the ansatzes (1.3) and (1.4).
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Of course, one can use different approach to simplify the problem of solving the non-
linear string equations of motion in variable external fields [16, 27]. The two ansatzes
used in [16], which do not belong to the types (1.1) - (1.4), are the following
t = t(τ), r = f(τ)g(σ), l = F (τ)G(σ), φ = ωτ,
and
t = t(τ), r = r(τ), θ = θ(σ), ϕ = ντ.
The backgrounds do not depend on (t, φ) and on (t, ϕ) respectively. The three ansatzes,
used in [27], are
t = c0τ, r = r(σ), φ = ωτ, θ = θ(τ), ψ = σ,
t = t(τ), r = r(τ), φ = σ, θ = θ(σ), ψ = ντ,
t = c0τ, β = σ, φ = ωτ, φ˜ = ωτ, θ = θ(τ), ψ = σ.
The corresponding background metrics seen by the string do not depend on (t, φ, ψ) in
the first two cases and on (t, φ, φ˜, ψ) in the third one. Therefore, all the ansatzes used in
the literature, are particular cases of the following string embedding
Xµ(τ, σ) = Λµ0τ + Λ
µ
1σ + Y
µ(τ)Zµ(σ), Xa(τ, σ) = Y a(τ)Za(σ).
Let us also mention that the ansatz of the type X(τ, σ) = Y (τ)Z(σ), used in [24], is
equivalent to (1.3) with Λµ1 = 0, after change of the embedding coordinates
8.
Our task in this paper was to find as more general string solutions as we can. That
is why, we do not consider the different periodicity and normalization conditions, which
arise for particular string configurations. However, once the general solution is found,
they can be always implemented.
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Appendix A
Here, we will explain how to find solutions of the string equations of motion (2.24) and
of the effective constraint (2.22).
Let us start with the simplest case, when the background fields depend on only one
coordinate Xa(τ, σ) = Za(σ). In this case the Eqs. (2.24), (2.22) simplify to
d
dσ
(gaaZ
′a)− 1
2
dgaa
dZa
(Z ′a)
2
=
1
2
dU
dZa
, (A.1)
gaa (Z
′a)
2
= U , (A.2)
8See the last example in the previous section.
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where we have used that
gabZ
′′b + Γa,bcZ
′bZ ′c =
d
dσ
(
gabZ
′b
)
− 1
2
∂agbcZ
′bZ ′c.
After multiplying with 2gaaZ
′a and after using the constraint (A.2), the Eq. (A.1) reduces
to
d
dσ
[
(gaaZ
′a)
2 − gaaU
]
= 0. (A.3)
The solution of (A.3), compatible with (A.2), is just the constraint (A.2). In other words,
(A.2) is first integral of the equation for the coordinate Za. By integrating (A.2), one
obtains the following exact string solution
σ (Xa) = σ0 +
∫ Xa
Xa
0
( U
gaa
)−1/2
dx, (A.4)
where σ0 and X
a
0 are arbitrary constants.
Let us turn to the more complicated case, when the background fields depend on
more than one coordinate Xa(τ, σ) = Za(σ). We would like to apply the same procedure
for solving the system of differential equations (2.24), (2.22), as in the simplest case just
considered. To be able to do this, we need to suppose that the metric gab is a diagonal one.
Then one can rewrite the effective equations of motion (2.24) and the effective constraint
(2.22) in the form
d
dσ
(gaaZ
′a)
2 − Z ′a∂a (gaaU) (A.5)
+Z ′a
∑
b6=a
[
∂a
(
gaa
gbb
)(
gbbZ
′b
)2 − 4∂[aAb]gaaZ ′b
]
= 0,
gaa (Z
′a)
2
+
∑
b6=a
gbb
(
Z ′b
)2
= U . (A.6)
To find solutions of the above equations without choosing particular background, we
can fix all coordinates Xa except one. Then the exact string solution is given again by
the same expression (A.4) for σ (Xa).
To find solutions depending on more than one coordinate, we must impose further
conditions on the background fields. Let us show, how a number of sufficient conditions,
which allow us to reduce the order of the equations of motion by one, can be obtained.
First of all, we split the index a in such a way that Zr is one of the coordinates Za,
and Zα are the others. Then we assume that the effective 1-form gauge field Aa can be
represented in the form
Aa ≡ (Ar,Aα) = (Ar, ∂αf), (A.7)
i.e., it is oriented along the coordinate Zr, and the remaining components Aα are pure
gauges. Now, the Eqs. (A.5) read
d
dσ
(gααZ
′α)
2 − Z ′α∂α (gααU) (A.8)
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+Z ′α
[
∂α
(
gαα
grr
)
(grrZ
′r)
2 − 2gαα∂α (Ar − ∂rf)Z ′r
]
+Z ′α
∑
β 6=α
∂α
(
gαα
gββ
) (
gββZ
′β
)2
= 0,
d
dσ
(grrZ
′r)
2 − Z ′r∂r (grrU) (A.9)
+Z ′r
∑
α
[
∂r
(
grr
gαα
)
(gααZ
′α)
2
+ 2grr∂α (Ar − ∂rf)Z ′α
]
= 0.
After imposing the conditions
∂α
(
gαα
gaa
)
= 0, ∂α (grrZ
′r)
2
= 0, (A.10)
the Eqs. (A.8) reduce to
d
dσ
(gααZ
′α)
2 − Z ′α∂α {gαα [U + 2 (Ar − ∂rf)Z ′r]} = 0,
which are solved by
(gααZ
′α)
2
= Dα
(
Za6=α
)
+ gαα [U + 2 (Ar − ∂rf)Z ′r] = Fα
(
Zβ
)
≥ 0, (A.11)
where Dα, Fα are arbitrary functions of their arguments.
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To integrate the Eq. (A.9), we impose the condition
∂r (gααZ
′α)
2
= 0. (A.12)
After using the second of the conditions (A.10), the condition (A.12), and the already
obtained solution (A.11), the Eq. (A.9) can be recast in the form
d
dσ
[
(grrZ
′r)
2
+ 2grr (Ar − ∂rf)Z ′r
]
= Z ′r∂r

grr

(1− nα) (U + 2 (Ar − ∂rf)Z ′r)−∑
α
Dα
(
Za6=α
)
gαα



 ,
where nα is the number of the coordinates Z
α. The solution of this equation, compatible
with (A.11) and with the effective constraint (A.6), is
(grrZ
′r)
2
= grr

(1− nα)U − 2nα (Ar − ∂rf)Z ′r −∑
α
Dα
(
Za6=α
)
gαα

 = Fr (Zr) ≥ 0,(A.13)
where Fr is again an arbitrary function.
Thus, we succeeded to separate the variables Z ′a and to obtain the first integrals
(A.11), (A.13) for the equations of motion (A.5), when the conditions (A.7), (A.10),
9Fα = Fα
(
Zβ
)
follows from (A.12).
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(A.12) on the background fields are fulfilled. Further progress is possible, when working
with particular background configurations, allowing for separation of the variables in
(A.11) and (A.13).
Let us finally point out that (A.7), (A.10) and (A.12) are just an example of possible
integrability conditions, which are fulfilled in many cases, but in many others - they are
not.
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